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TURAN TYPE INEQUALITIES FOR GENERAL BESSEL FUNCTIONS 


ARP Ad BARICZ, SAMINATHAN PONNUSAMY, and SANJEEV SINGH 


Abstract. In this paper some Turan type inequalities for the general Bessel function, monotonicity 
and bounds for its logarithmic derivative are derived. Moreover we find the series representation and 
the relative extrema of the Turanian of general Bessel functions. The key tools in the proofs are the 
recurrence relations together with some asymptotic relations for Bessel functions. 

1. Introduction and the Main Results 


The Turan type inequalities for orthogonal polynomials and special functions have been studied exten¬ 
sively in the last 70 years. More often, these orthogonal polynomials and special functions are solutions 
of some second order differential equations. The log-concave/log-convex nature of orthogonal polyno¬ 
mials and special functions have attracted many researchers, and the topic seems to be interesting still 
nowadays. Some of the results on modified Bessel functions of the first and second kind have been 
used recently in different problems of applied mathematics and this motivated new researches in this 
topic. See for example the paper [Ba] and the references therein for more details. In this paper we 
focus on general Bessel functions, called sometimes as cylinder functions. The main motivation to write 
this paper emerges from the fact about the Bessel functions of the first kind Jj/, Bessel functions of the 
second kind U, and the zeros Ci,^n of general Bessel function satisfying some Turan type inequalities (see 
[BPi [JBl [Lid ira [Si]b and it is natural to ask whether the general Bessel functions defined by 
C^{x) = (cosa)J^(a;) — (sinQ;)Yi^(a;), 0 < a < tt, has some similar properties. As we can see below, 
from the point of view of Turan type inequalities, the general Bessel function C^, behaves like and Yi,. 
The results presented in this paper complement the picture about the Turan type inequalities for Bessel 
functions of the first and second kind. The case a = 0 corresponds to the case of Bessel function 
while a = TT12 corresponds to the case of Bessel function Y^. See [BPllJBllLid lSi] for more details. 

Theorem 1. The following assertions are valid: 


a. Ifu>0,0<a<'!T and x > where is the first positive zero of the general Bessel function 
Cv, then the following Turan type inequality holds 

( 1 . 1 ) ^v{x) = Cl{x) - Cv-i{x)Cy+i{x) > —^Cl{x). 

V +l 

Moreover, for a = 0 the above Turan type inequality holds true for all x > 0 and v > 0. 

b. // 1 / > 1, 0 < a < TT and Xi, € (0,c,y_i) is the unique root of the equation 


c. 


( 1 . 2 ) 


clix) - a-i(x)a+i(x) = 

then the Turan type inequality dm holds true for all x > x^. Moreover, the inequality (ED is 
reversed for 0 < a; < . 

The function x i—>■ xCl{x)/C,j(x) is strictly decreasing on (ci,,i,oo) \ S for all v>0,0<a<Tr, 
where 5 = and Ci,^n denote the nth positive zeros of the general Bessel functions C,^. 

Moreover, if a = 0 then x i—>■ xCl(x)/C,y(x) is strictly decreasing on (0,oo) \ S for all n > 0 
and if 0 < a < TT then x i—>■ xC'^iix) jCnix) is strictly decreasing on (x,y,oo) \ S for all n > 1. 
Furthermore, the following inequality holds true for z/>0, 0<a<7r and x S (cyp, oo) \ S 
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// a = 0, then the inequality dLlD is valid for all v > 0, x G (0, oo) \ However, if 0 < a < ir, 
then the inequality is valid for all v > \, x G cxj) \ S, and for x G (0, x^) it is reversed. 
The following inequality is also valid for v>l,0<a<Tr and x G {x,^, 


(1.3) 


xCljx) 



V 

VTi 


X 


2 

V ' 


The proof of Theorem [T] will be presented in Section [51 

Now we let ^ and denote by the nth positive zero of the Bessel function J^y. We would 

like to take the opportunity to mention that by using the particular case of (1121) when a = 0, it can be 
shown that for > 0, a; G (0, ^,/idV+l)) such that x ^ n G N, we have 


J 1/ (ai) 


< 


— \jv^—fix'^ < ^ 


Ji,-i{x) nx 

and this inequality corrects the inequality EE eq. 2.20] 

' + \/v^ — fj.x'^ 


/ix 


J 1/ (a^) 


> 


Jiy-i(a;) yix 

where > 0, a; G (0, + 1)) such that x ^ ju-i,n, n G N. 

We also note that the monotonicity of a; i-A xCl{x)/C„{x) has been proved already by Spigler 
(as it is mentioned in the paper of Elbert and Siafarikas [ES] 1. but only for the intervals (ci/^„, 
n G N. Our proof is completely different, which is based on Turan type inequalities and we prove the 
above monotonicity property for x G (x,y,c,y^i) and also for x G (c,y^n,c,y ,„+i), n G N. 

We recall the inequality from part c of Theorem [T] 


L a(a:) J 


<v- 


where i^>l, 0<Q;<7r and x G (0, a;^). We may rewrite the above inequality as 


(1.4) 


- . - 


-x^ < 


xCl{x) 


< 


v+l^ ' Cu[x) 

where i^>l, 0<a<7r and x G (0,Xi/). We would like to mention that for 12 > 1, 0 < a < tt and 
X G (0, Xi,) the right-hand side of (11.41) is better than the earlier known inequality of Laforgia [Lafl p. 76] 


(1.5) 


xCl{x) 

C„{x) 


<v - 


2 ( 1 /+1)’ 


which is valid for i2>0, 0<Q;<7r and x G (0, c,yp). This can be verified by comparing the corresponding 
right-hand side parts of the last two inequalities. We also note that for 1 / > 1 and 0 < a < tt we have 
Xv < + 1), since the expression in the square root in (11.31) is positive. 

Again, it is worth to mention that the inequality (11.31) is better than the inequality (11.51) for all 
i/>l, 0<a<7r and x G (a; min{y)^(z7+l), c,yp}) as the right-hand side of is negative and the 

right-hand side of dEll) is positive on {xi,,i[mn{y/L'{h' + l),Cjyp}). 

The next theorem is about the series representation of the Turanian of general Bessel functions. Clearly, 
this result provides an alternative proof of the inequality dm. 


Theorem 2. For 0 < a < tt, 1 / > 0 and x > Ci/p, the following identity holds 

(1.6) clix) - a_i(x)c'.+i(x) = -^cUx) + 2^E 

The next result, whose proof will be also presented in Section 21 is about the relative extrema of 
the Turanian of general Bessel functions and is a generalization of the main result from |Laj . Figure [1] 
illustrates this result for a = tt/6 and v = 3/2. 

Theorem 3. ForO < a < tt and ly > 0, the relative maxima (denoted by of the function x 1 —^ Ai,(a:) 

occurs at the zeros of the function C,^-i{x) and the relative minima (denoted by mv,k) occurs at the zeros 
of the function C'y+i(x). Since the values of M,j^k and m,y^k can be expressed as = ^uicv-i^k) = 

C‘l{c,j-i^k) > 0 and = ^v{c,y+i^k) = C‘^{ci^+i,k) > 0, respectively, for iz > 0 and x > c„-i^i the 
following Turan type inequality is valid: 

c/(x)-a_i(x)a+i(x) >0. 



































TURAN TYPE INEQUALITIES FOR GENERAL BESSEL FUNCTIONS 


3 


We also mention that by using the above Turan type inequality in Theorem [3] for a = 0 it can be 
shown that for x € ( 0 , u) such that x ^ A: G N, we get 

Jvix) u — \/u2 — V + — x"^ 

- < - < - . 

Ji,-l{x) X X 

We note that the above inequality corrects the recent known inequality fBPl eq 2.16] 

Ju{x) ^ u + \/u2 - a;2 

Jv-l{x) ~ X 

where u > 0 , a; £ ( 0 , + 1 )) such that x ^ ju-i,n, n gN. 

Finally, it is worth to mention that the Turanian Aa{x) = C^^(x) — C^^a-i(x)C^,a+i(x), where as 
above Cv^aix) = (cosa)J^{x) — (sin 0 )^( 0 ;), 0 < a < tt, is in fact independent of a. Namely, by using 
some elementary trigonometric identities it can be shown that Aa{x) = (sin^ 1 ) {J^{x) + Y^{x)) , which 
is clearly strictly positive for all real u and x. 



Figure 1. The graph of the functions A 3 / 2 , C' 1/2 and C ^/2 for a = 7r/6 on [0,10]. 


2. Proofs of the Main Results 

Proof of Theorem [Ij a. We first recall the recurrence relation and the derivative formula for general 
Bessel functions [OLBCl p. 222 ], which will be used in the sequel 


( 2 . 1 ) 

- . , , 2 u , . 

C^-i{x) + C'^+i(x) = —C'^(x), 

X 

and 


( 2 . 2 ) 

-^(x-"a(x)) = -x-‘^a+i(x). 
ax 


Let us define the normalized general Bessel function by $,y(x) = 2'^x '^r(u + l)C^{x), where u > —1 and 
X > 0. Since Cv{x) is the solution of Bessel differential equation 

x^y"{x) + xy'{x) + (x^ — u^)j/(x) = 0 , 

we see that ^^{x) satisfies the differential equation 

(2.3) x^<i>"(x) + (2u + l)x<i>y(x) + x^$y(x) = 0. 
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Now, if we consider the Turanian 0i,(a;) = (x), then the Turan type inequality (dn 

is equivalent to 0j,(x) > 0. Therefore, it is enough to prove that Qy{x) > 0. Taking into account m 
we have 


(2.4) 


4i/(iy + 1) 




and consequently, in view of (12.2L 


(2.5) Ki^) = = -($.-i(x) - M^))- 

2{v +1) X 

By using the left-hand side of (12.51) for z/ — 1 instead of v and the right-hand side of (12.51) for z/ -f 1 instead 
of z/, we obtain that 

ax V 

From the above expression, at the roots of = 0 we have 

^(x2^+^0.(x)) = < 0 

dx^ V 

and at the roots of ^'^{x) = 0, by using (loi) we obtain 

^{x^-+^Q,{x)) = (co^(a;))2 > 0. 

dx^ V 

These two inequalities show that the relative extrema of x >->■ x^'^+^0i/(x) occurs at the roots of ^v{x) = 0 
and 4>(,(x) = 0, respectively. At the roots of 4>j,(x) = 0, we have 

x2 

Qy{x) = -4>^_i(x)4>^+i = ^^ 4>g+i(x) > 0, 


by using (12.41) and in the view of (12.51) at the roots of ^l(x) = 0 one has 0y(x) = ^l(x) > 0. On the 
other hand, 4>,y(x) = 0 if and only if C,^{x) = 0 and in view of (j2.5l) we have that 


<(x) = 0 ^ $.+i(x) = 0 ^ a+i(x) = 0. 


Therefore, the first relative extrema of x i—>■ x^‘^+^0j/(x) occurs at x = Cj^a, as < c^+i,i (since 
z/ I—>■ is increasing function of z/ fWal p. 508]). Since x >->■ x^‘"+^0i,(x) has all its relative extrema 
positive and hence x^‘"+^0i,(x) > 0 for all x > Ct,^i and z/ > 0, which implies that 0y(x) > 0 and 
consequently the Turan type inequality (dH) follows for all z/ > 0 and x > Cn^i. Since the first relative 
extrema of x i—>■ x^'^+^Oy (x) occurs at x = c^.i, which is the point of relative maxima, we conclude that 
X !->■ x^‘"+^0i,(x) is strictly increasing on {Q,Cy^i). Now, if we take a = 0, then Cy{x) = J^{x) and using 
the fact that ^,^(0) = 0 for z/ > 0 we have lim 3 ,_>o+ x^‘"+^0iy(x) = 0. Hence x^‘"+^0i/(x) > 0 on ( 0 , 0 ^ 4 ) 
and consequently, Qu{x) > 0. Therefore in this case, the Turan type inequality (dU holds true for all 
z/ > 0 and x > 0. 

b. Next consider 0 < a < zr. Since 


' 04 x) =22"r(z/)r(z/ + 2) 


{Cl{x) - C't._i(x)C',.+i(x)) - 


in view of the fact that Ji/(0) = 0 for z/ > 0, the asymptotic formula which is valid for z/ > 0 fixed and 
X —^ 0 [OLBCl p. 223] 

v'„W~-trw(|) ", 

and the limit (see [BPl p. 316]) 

lim x^ (Tj?(x) - lA_i(x)Fi.+i(x)) = - 00 , 

x->,0+ 


where z/ > 1 is fixed, we obtain that 

lim x^'^'''^0i,(x) = — 00 . 

ai—)-0+ 

Therefore, in view of the fact that x^^+^0i,(x) is positive at x = Ct,^, x^'^+^0i,(x) tends to —00 as x —>■ 0+ 
and X I—>■ x^'^+^0,y(x) is strictly increasing on (0, c^,i), we obtain that there exists an unique x^ € (0, c^^i) 
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such that 


x^‘'+^Q^(x) <0 for X G (OjXj,), 
x^''+^Q^(x) = 0 for X = Xj,, 
x^''+^Q^(x) >0 for X G (xj/jCi,^). 

Hence 0^(x) > 0 for x G (x;y,c^_i). Consequently, in view of part a of this theorem, the Turan type 
inequality (El) is indeed true for all u > 1 and x > x^. We also note that 0i,(x) < 0 for x G (0, x^) and 
hence in this case the inequality (El is reversed. 

c. In view of the recurrence relations lOLBCl p. 222] 


( 2 . 6 ) 


Cl{x) = C^-i{x) - -C'j.(x) and C'(,(x) = -C^+i^x) + -C'i.(x), 


the Turan expression A,^(x) can be written as 

(2.7) A^x) = CUx) - a-i(cr)a+i(x) = (l “ Cl{x) + [C'(x)]= 

Now, by using this and the Bessel differential equation we get 


xCljx) 

Cu{x) 


Ay{x) 


xClix)' 

Thus, in view of part a and b of Theorem [H the monotonicity of x i-A xCl[x)/Cu{x) follows. We note 
that the inequality (El follows from (El by using the above recurrence relations in (12.61) . 

Since x i—>■ xCl(x) jC^ix) is strictly decreasing on (x,y,Ciy^i) for all u > 1, we see that 


( 2 . 8 ) 

Using the relation (1^ we obtain that 


xC^(x) xCl{x) 

a(x) ^ a(x) ■ 


xCl{x) 


x^Aj,(x) 

Ci{x) 


+ (^^ - a;^), 


. Cv{x) _ 

which in view of the fact that (see |Laf l p. 78]) 

C'jy(x) > 0 and C'(,(x) < 0 for 0 < x < 

implies that 

xCl{x) 


C,{x) 


c^A^(x) 

'C^ 


+ (u^ — x^). 


Taking the limit x —>■ Xi/ in the above equation and using (1^ . we get the inequality (El- 


□ 


Proof of Theorem Let us recall one of the main results of Landau |Lan] : the magnitude of the 
general Bessel function of order u is decreasing in u at all of its stationary points. This means that if 
u > 0 and x > c^,i, then we have that jC',y(x)j < jC'o(x)j < jrj, where t = C'o(xi) and xi is the abscissa 
of the first minimum point of C'o(x). Hence in view of the recurrence relation (El, all conditions [Rol 
Theorem 3] are satisfied and consequently we obtain the identity (11.611 . □ 

Proof of Theorem [3| Using the recurrence relations in (12.6L we have 


(2.9) 


A(,(x) = -C'j._i(x)C',.+i(x). 


Hence the relative extrema of x i-A Ay(x) occurs at the zeros of C^-i{x) and C^+i{x). From (El, by 
using the second recurrence relation in (12.611 for u — 1 instead of u, and (12.111 , we get 

t ^ “72 Cy(cj/-i,fc) < 0. 




Similarly, by using the first recurrence relation in (12.61) for u + 1 instead of u, and (12.ip , we get 


Kix)\ 


4u 


■C^(c,+i.fe) > 0. 


"v+l,k 


The desired conclusion follows. 


□ 
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